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Part A {Short Answer Questions)
Answer any eight questions.

Weight 1 each.
1.  Prove the following (a) @(p®) = p* — p®* ' for primepand o > 1.
(Dp{mn) = ¢(m)d(n) i{;}, where d = (m,n}.
2. Define the divisor function oo (n). Show that it is multiplicative.
3. Define average order. big oh notaiion and asymptotic equality of arithmetical functions.
4. State Abel's identity and deduce Euler's summation formula from it.
5. Let{a(n)} be a nonncgative sequence such that 3, o, a(n)[ 2] =z log z + O(z) forall 2 > 1. Then prove that ¥z > 1, we have

¥ 3%?- = logz + O(1).

B. (2)fa = blmedm) and a = b(madn) where (m ,n) = 1 then prove that @ = b(mod mn).
(b)1f a = b(modm) andif 0 < |b— a| < m then prove that a = 5.

7. Prove that if a prime p does not divide a then a? ! = 1(mod p) .
8. Aprime p satisfies (p — 1)l = —1i{mod p) . 1s the converse true.

9. For every odd prime p, Prove that (~1[p} = {—1}% = {1 i liff;__j_g ((7:‘:?){:;14))

10. ({a) Define the exponent of @ modulo m .

(8x1=8 weightage)

Part B (Short Essay/Problems)
Answer any six questions.

Weight 2 each.

11. Show that two latiice poinis (@, b) end (s, n) are mutuaily visible it and only if’ @ — mund b —~ n are relatively prime.

e s | Page 11 Tumover



12.

13.

14.

14

16.

17

18.

19.

20.

21.

22

Forz > 2, provethat 7, . [£]logp = z logx -+ O(x), where the sum is extended over all primes < .
Ifn > 1 show that %n logn < P, < 12(nlogn + nlog—lf-), where P, denotes the n'*prime .

o - 1 1

Find a constant Asuch that Lpg 5= loglogax + A + O(—an-;}, Y= 2

Assume (a,m )= d and suppose that d|b . Then prove that the linear congruence gz = b{rnodm) has exactly d selutions modulo m

" givenby ¢+ 2,6 +28, ... .t+(d— 1)F wheret isasolution unique module 2 of the linear congruence 4z = :‘:—(mod =l

d
Assume ma, .. ., ar¢ positive integers, relatively prime in pairs. Tet By, ..., b, be arbitrary integers. Then prove that the system of
congruences ¢ = b (modmy ), ..., & = be.(modm,) has exactly one solution modulo my, ..., M.

Deline Legendre's symbol (n|p). Prove thal it is a completely multiplicative function.

Let p be an odd prime. Prove that there are exactly g(p — 1} primitive roots mod p.

(6x2=12 weightage)

Part C (Essay Type Questions)
Answer any two questions.

Weight 5 each.

{(a) State and prove the theorem which give the recursion formulas for £, where § is an arithmetical function with f (1} #£0.

(b} Prove that if both g and f * g arc multiplicative then f is multiplicative.

Show that the following relations are logically equivalent.

(o) Bm Z00=

2eh00

L w(w} log w{z} R

(8) lim ———mmm

{c} lim m‘%‘ == 1, where P, denoies the ntprime.
Tl

(a) Let (' be a polynomial with integer coefficents, let my, mo, ..., m, be positive integer relatively prime in pairs, and let m = mm,
...m.Prave that the congruence f{z) = 0(modm) hasa solution if and only each of the congruence f(z} = 0(modm;) .
i=1,.2, _.r. has a solution.

Also show that il vim) and v(m;) denote the number of solutions of f{z) = 0{medm) and f(z) = 0(medm;) , =12, .«
respectively, then v(m)= vi{myyv{iy). .. vim ).
{b) Prove that for a given any integer k > 0 there exists a lattice point (1, b) such that none of the lattice points { a+r, b+s), 0<r, s <kis

visible from the orgin.

Derive a formula for (plg){gjp). where p and q are distinct odd primes.

(2%x5=10 weightage)
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